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Abstract—In this paper, attitude maneuver control without
unwinding phenomenon is investigated for rigid spacecraft. First,
a novel switching function is constructed by a hyperbolic sine
function. It is shown that the spacecraft system possesses the
unwinding-free performance when the system states are on the
sliding surface. Based on the designed switching function, a sliding
mode controller is developed to ensure the robustness of the
attitude maneuver control system. Another essential feature of
the presented attitude control law is that a dynamic parameter
is introduced to guarantee the unwinding-free performance when
the system states are outside the sliding surface. The simulation
results demonstrate that the unwinding phenomenon is avoided
during the attitude maneuver of a rigid spacecraft by adopting the
constructed switching function and the proposed attitude control
scheme.
Index Terms—Modified Rodrigues Parameter, rigid spacecraft,
sliding mode control, unwinding phenomenon.
I. INTRODUCTION
Attitude maneuver control of rigid spacecraft has gained a
great deal of attention in the last decades due to the benefits
attained through its wide applications such as satellite commu-
nication, ocean surveillance, and spacecraft pointing [1]. Many
control strategies have been proposed for solving the attitude
maneuver control problem, such as optimal control [2], event
trigger control [3], linear parameter varying control [4], model
predictive control [5], backstepping control [6], and so on.
However, the attitude controller design is still challenging due to
two aspects: the inherent nonlinearity of the spacecraft attitude
dynamics and the unwinding phenomenon during spacecraft
attitude maneuver.
Sliding Mode Control (SMC) has been widely applied to deal
with the nonlinearity of the spacecraft attitude dynamics due
to its strong robustness to disturbance [7]–[11]. By using the
integral sliding mode, a high-order sliding mode controller was
proposed in [8] to address the chattering issue of SMC methods.
In [9], an adaptive law was proposed to estimate the upper
bound of the unknown lumped disturbances, including external
disturbance, flexible vibration, and inertia uncertainty. In [10], a
finite time controller was presented for attitude synchronization.
In order to resolve the singular problem of the traditional
terminal and faster terminal sliding-mode control designs, a
nonsingular finite-time control approach was developed in [11].
This paragraph of the first footnote will contain the date on which you
submitted your brief for review. It will also contain support information,
including sponsor and financial support acknowledgment. For example, “This
work was supported in part by the U.S. Department of Commerce under Grant
BS123456.”
The next few paragraphs should contain the authors’ current affiliations,
including current address and e-mail. For example, F. A. Author is with the
National Institute of Standards and Technology, Boulder, CO 80305 USA (e-
mail: author@boulder.nist.gov).
S. B. Author, Jr., was with Rice University, Houston, TX 77005 USA. He is
now with the Department of Physics, Colorado State University, Fort Collins,
CO 80523 USA (e-mail: author@lamar.colostate.edu).
T. C. Author is with the Electrical Engineering Department, University of
Colorado, Boulder, CO 80309 USA, on leave from the National Research
Institute for Metals, Tsukuba, Japan (e-mail: author@nrim.go.jp).
In the above control schemes, the unit quaternion was adopted
to describe spacecraft attitude. However, the quaternion has four
parameters, which can result in an extra constraint because three
parameters are enough to describe the spacecraft attitude [12].
Thus, the Modified Rodrigues Parameter (MRP) was adopted to
represent the spacecraft attitude, and plenty of controllers were
proposed [13]–[16]. In [13], two finite-time attitude control laws
were developed for single and multiple spacecraft, respectively.
An attitude stabilization control law without angular velocity
measurements was established for rigid spacecraft in [14].
The attitude maneuver control was investigated in [15], and a
backstepping based adaptive sliding mode control strategy was
proposed. In [16], a sliding mode control method was presented
to solve the attitude tracking problem of rigid spacecraft.
Note that the unwinding problem was neglected by the afore-
mentioned researches when the MRP was adopted to represent
the spacecraft attitude. A typical feature of the MRP is its
non-uniqueness, that is, a specific spacecraft orientation can
be represented by two different MRP vectors. These two MRP
vectors correspond to two different rotation angles and opposite
rotation directions about the same Euler axis. The sum of
these two rotation angles is 2pi. The unwinding phenomenon
is that the rotation angle larger than pi is performed by an
attitude maneuver controller, which results in extra control
effort. Nevertheless, to the best knowledge of the author, there
is no unwinding-free result about the attitude maneuver control
for the rigid spacecraft based on the MRP description.
Based on the above discussions, we aim to design an
unwinding-free sliding mode attitude maneuver control law
for a rigid spacecraft based on MRP representation. First of
all, a switching function is designed using a hyperbolic sine
function. Rigorous proof about the unwinding-free performance
of the spacecraft system when the system states are on the
sliding surface is given. Secondly, a sliding mode control law
is presented to guarantee that all the system states arrive at the
constructed sliding surface. Furthermore, it is proven that the
unwinding-free performance of the proposed controller with a
dynamic parameter is achieved before the system states reach the
sliding surface. Finally, the simulations are performed to show
the unwinding-free performance of the proposed controller.
Compared with the SMC control law in [16], the proposed
control law in this paper possesses faster convergence rate, and
smaller control torque.
Throughout this paper, we use the italic-font notation for a
scalar variable (as ρ), the bold-font notation for a vector (as σ),
and the capital-letter notation for a matrix (as M ). The set of
n-dimensional real vectors, and the set of m-by-n real matrices,
are denoted by Rn and Rm×n, respectively. In addition, 0 and
I3 respectively denote a 3-dimensional zero vector and a 3× 3
identity matrix. We use ‖·‖ to represent the 2-norm of a vector,
and ⊗ to represent the MRP multiplication. Moreover, the
following two hyperbolic functions are used, coshx = e
x+e−x
2
and sinhx = e
x−e−x
2 for x ∈ R. Moreover, the following
2relations are used:
d(cosh x)
dx = sinhx,
d(sinh x)
dx = coshx,
d(tan x)
dx =
1
x2+1 , and cos
2 x = 1tan2 x+1 .
II. MATHEMATIC MODEL
Before given the mathematical model, we first give some
denotations. For any vector x = [x1 x2 x3]
T ∈ R3, let
x
× =

 0 −x3 x2x3 0 −x1
−x2 x1 0

 ,
and
M (x) =
(
1− ‖x‖2
)
I3 + 2x
× + 2xxT
4
. (1)
A. Attitude kinematics and dynamics
By using the Modified Rodrigues Parameter (briefly, MRP),
the rigid spacecraft attitude dynamics can be given as [3]{
σ˙ = M (σ)ω,
Jω˙ = −ω×Jω + u+ d, (2)
where σ ∈ R3 is the spacecraft attitude of the body frame Fb
with respect to the inertia frame FI, ω ∈ R3 is the angular
velocity expressed in Fb; J ∈ R3×3 is the inertia matrix, u ∈
R
3 is the control input, and d ∈ R3 is the disturbance.
B. Attitude error kinematics and dynamics
Let σd ∈ R3 denotes the spacecraft attitude of the desired
frame Fd with respect to the inertia frame FI, and ωd ∈ R3
denotes the attitude angular velocity expressed in the desired
frame Fd. In addition, denote σe ∈ R3 as the attitude error
between the desired attitude σd and the body attitude σb. Then,
the attitude error σe can be given by
σe = σ ⊗ σ
∗
d,
=
(
1− ‖σ‖2
)
σd +
(
1− ‖σd‖2
)
σ + 2σ×d σ
1 + ‖σd‖2 ‖σ‖2 + 2σTdσ
, (3)
where σ∗d = −σd. Denote ωe ∈ R3 as the attitude angular
velocity error between ωd and ωb. Then, we have
ωe = ω −R (σe)ωd, (4)
where R (σe) is the rotation matrix from the desired frame Fd
to the body frame Fb, and can be expressed as
R (σe) = I3 +
8σ×e σ
×
e − 4
(
1− ‖σe‖2
)
σ
×
e(
1 + ‖σe‖2
)2 .
Thus, the attitude error kinematics can be obtained as [3]
σ˙e = M (σe)ωe. (5)
In addition, the rotation matrix R (σe) satisfies R˙ (σe) =
−ω×e R (σe). It follows from (4) that
ω˙e = ω˙ −R (σe) ω˙d + ω×e R (σe)ωd. (6)
For a rest-to-rest attitude maneuver control problem, the
desired angular velocity ωd satisfies ωd = 0 and ω˙d = 0. Thus,
it can be obtained from (6) that ω˙e = ω˙ holds. By substituting
this relation into the second equation of (2), and using (5), the
following rest-to-rest attitude maneuver error dynamics for a
rigid spacecraft based on MRP can be obtained [15],{
σ˙e = M (σe)ωe,
Jω˙e = −ω×e Jωe + u+ d, (7)
where the matrix M (σe) in terms of σe can be obtained by
replacing x with σe in (1).
In addition, according to the Euler’s principle rotation theo-
rem [17], the rest-to-rest attitude maneuver of a rigid spacecraft
can also be described as that the spacecraft performs a rotation
from the body frame Fb to the desired frame Fb about a certain
Euler axis, which is a unit vector. Suppose that the rotation angle
and the Euler axis of this rotation are denoted by θ (t) ∈ R and
e ∈ R3, respectively. Then, the rest-to-rest attitude maneuver
error σe from Fb to Fd can be expressed as
σe = e tan
θ (t)
4
. (8)
According to (3), σe (0) can be obtained as long as the initial
attitude σ (0) of σ and the desired attitude σd are given. Thus,
the following relations can be obtained by (8),
θ (t) = 4 arctaneTσe, (9)
and
e =
σe (0)
‖σe (0)‖ . (10)
The initial value θ (0) of θ (t) can be obtained by (9). By
designing an attitude maneuver controller, the rigid spacecraft
is driven to rotate about the fixed Euler axis e in (10), such that
the rotation angle θ (t) converges from the initial value θ (0) to
approach 0 or 2pi.
C. Unwinding phenomenon
The phenomenon that spacecraft performs a rotation angle
larger than pi to arrive at the desired attitude is called the "un-
winding". For the rest-to-rest attitude maneuver error dynamics
of a rigid spacecraft described by (7) with (9), θ (t) = 0 and
θ (t) = 2pi represent the same attitude. However, the existing
attitude maneuver control schemes are designed to ensure that
the rotation angle θ (t) converges from any initial value θ (0)
to 0. In this case, if θ (0) > pi, then the spacecraft is driven
to perform a rotation larger than pi about the Euler axis e,
which results in the unwinding phenomenon. However, the rigid
spacecraft can reach the desired attitude by rotating an angle
2pi − θ (0), which is smaller than pi, about the Euler axis e in
the opposite direction.
D. Control objective
The control task in this work is to design an unwinding-
free attitude sliding mode controller for the attitude maneuver
error dynamics (7) with (9) of a rigid spacecraft, such that the
following relations hold,
lim
t→∞
θ (t) = 0 or lim
t→∞
θ (t) = 2pi, lim
t→∞
ωe = 0. (11)
Moreover, the unwinding phenomenon is also avoided.
III. CONTROLLER DESIGN METHODS
In this section, we aim to develop an unwinding-free attitude
controller for the system (7), using sliding mode control theory.
To facilitate the controller development, we give some lemmas
in subsection III-A. To avoid the unwinding phenomenon when
the system states are on the sliding surface, we construct a
novel switching function in subsection III-B. In order to avoid
the unwinding phenomenon before the system states reach the
sliding surface, a sliding mode control law with a dynamic
parameter is developed in subsection III-C.
3A. Some lemmas
Lemma 1: Consider the rotation angle θ (t) given by (9). The
following relation holds,
θ˙ (t) = eTωe, (12)
where the attitude angular velocity error ωe is defined in (4),
and the Euler axis e can be obtained from (10).
Proof. Taking the derivative of both sides of (9), and using the
first relation of (7), yields
θ˙ (t) =
4eTσ˙e
1 + (eTσe)
2
=
4eTM (σe)ωe
1 + (eTσe)
2 . (13)
In addition, by replacing x with σe in (1), and using (8), we
have
e
TM (σe)
=
(
1− ‖σe‖2
)
e
T + 2eTe× tan θ(t)4 + 2e
T tan2 θ(t)4
4
=
(
1− tan2 θ(t)4
)
e
T + 2eT tan2 θ(t)4
4
=
(
1 + tan2 θ(t)4
)
e
T
4
. (14)
It follows from (8) and (13) that
θ˙ (t) =
4
1 + σTe σe
1 + ‖σe‖2
4
e
T
ωe
= eTωe.
Thus, the proof is completed.
Lemma 2: Suppose V (x) is a C1 smooth positive-definite
function (defined on U ⊂ Rn) and V˙ (x)+λV α(x) is a negative
semi-definite function on U ⊂ Rn for α ∈ (0, 1) and λ ∈
R
+, then there exists an area U0 ⊂ Rn such that any V (x)
which starts from U0 ⊂ Rn can reach V (x) ≡ 0 in finite time.
Moreover, if Ts is the time needed to reach V (x) ≡ 0, then
Ts ≤ V
1−α(x0)
λ (1− α) ,
where V (x0) is the initial value of V (x).
B. Switching function
For the rest-to-rest attitude maneuver error dynamics (7)
with (9) of a rigid spacecraft, the switching function is designed
as
s = ωe − αρ (σe)σe, (15)
where α is a positive number, and
ρ (σe) =
sinh g (σe)
1 + σTe σe
, (16)
with
g (σe) = arctane
T
σe − pi
4
. (17)
Next, a theorem is given to demonstrate that the control goal
in (11) can be achieved when ωe and σe are restricted to the
sliding surface s = 0. Moreover, it is proven that the unwinding
phenomenon is conquered on the sliding surface.
Before given the theorem, we should give some properties of
the functions coshx and sinhx for x ∈ [−pi, pi]. The minimum
value of the function coshx can be obtained when x = 0, and
the maximum value of the function coshx can be obtained when
x = −pi or x = pi. In addition, for x < 0, sinhx < 0 holds,
and for x ≥ 0, sinhx ≥ 0 holds.
Theorem 3: Consider the rest-to-rest attitude maneuver error
dynamics (7) with (9) for a rigid spacecraft. When the attitude
errors σe and ωe are restricted to the sliding surface s = 0, the
following conclusions are obtained.
(i) The unwinding phenomenon is avoided.
(ii) The control goal in (11) is attained.
Proof. Suppose that when t = ts0 the system states reach the
sliding surface s = 0. Then, it can be obtained from (15) that
ωe = αρ (σe)σe. (18)
To prove the conclusion (i), we need to prove that the
following relations hold,
lim
t→∞
θ (t) =
{
0, if θ (ts0) ∈ (0, pi) ,
2pi, if θ (ts0) ∈ (pi, 2pi) . (19)
It can be obtained from (12) and (18) that
θ˙ (t) = αeTρ (σe)σe. (20)
In the following, we rewrite θ˙ (t) in terms of the rotation angle
θ (t) and the Euler axis e. First, using (8) and (17), g (σe) is
rewritten as
g (θ (t)) = arctaneTe tan
θ (t)
4
− pi
4
=
θ (t)
4
− pi
4
. (21)
Applying (8) and (21) to (16), gives
ρ (θ (t)) =
g (θ (t))
1 + eTe tan2 θ(t)4
=
sinh
(
θ(t)
4 − pi4
)
1 + tan2 θ(t)4
= sinh
(
θ (t)
4
− pi
4
)
cos2
θ (t)
4
. (22)
It follows from (8) and (18) that ωe can be rewritten as
ωe = αe sinh
(
θ (t)
4
− pi
4
)
cos2
θ (t)
4
tan
θ (t)
4
. (23)
Following (8), (12) and (23), one can obtain
θ˙ (t) = α sinh
(
θ (t)
4
− pi
4
)
cos2
θ (t)
4
tan
θ (t)
4
. (24)
In addition, there hold sinh
(
θ(t)
4 − pi4
)
< 0 for θ (t) ∈ (0, pi),
and sinh
(
θ(t)
4 − pi4
)
> 0 for θ (t) ∈ (pi, 2pi). As tan θ(t)4 ≥ 0
for θ (t) ∈ (0, 2pi), it can be derived from (24) that θ˙ (t) <
0 for θ (ts0) ∈ (0, pi), θ˙ (t) > 0 for θ (ts0) ∈ (pi, 2pi), and
θ˙ (t) = 0 for θ (t) = 0 or θ (t) = 2pi. Thus, the relations in (19)
is obtained. This implies that the unwinding phenomenon is
conquered when the system states are sliding on the sliding
surface s = 0.
Thus, (i) is proven.
Next, the fact that the control goal in (11) is achieved on the
sliding surface s = 0 is proven. For this end, we chose the
following Lyapunov function,
V1 (t) = κ− cosh g (σe) , (25)
4where κ = max (cosh g (σe)). Substituting (21) into (25), yields
V1 (t) = κ− cosh g (θ (t)) , (26)
where
κ=cosh (g (θ (t))) |θ=0=cosh (g (θ (t))) |θ=2pi.
The time derivative of V1 (t) in (26) along time is
V˙1 (t) = −dg (θ (t))
dt
sinh g (θ (t)) .
It follows from (21) and Lemma 1 that
V˙1 (t) = − θ˙ (t)
4
sinh
(
θ (t)
4
− pi
4
)
. (27)
By substituting (23) into (27), we have
V˙1 (t) = −α
4
cos2
θ (t)
4
sinh2
(
θ (t)
4
− pi
4
)
tan
θ (t)
4
. (28)
It is clear that V˙1 (t) ≤ 0 because tan θ(t)4 ≥ 0 holds for θ ∈
(0, 2pi).
Moreover, according to (28), we obtain that if V˙1 (t) = 0,
there hold
cos2
θ (t)
4
= 0,
or
sinh2
(
θ (t)
4
− pi
4
)
= 0,
or
tan
θ (t)
4
= 0.
Thus, we have θ (t) = 2pi or θ (t) = pi or θ (t) = 0 if
V˙1 (t) = 0. In addition, it can be readily computed from (26)
that the maximum value of V1 (t) is obtained at θ = pi, and the
minimum value of V1 (t) is obtained at θ (t) = 2pi or θ (t) = 0.
Consequently, there holds
lim
t→∞
θ (t) = 0 or lim
t→∞
θ (t) = 2pi.
Further, in view of (23), we have ωe = 0 for θ (t) = 2pi or
θ (t) = 0. This implies that the control goal (11) is achieved on
the sliding surface s = 0.
Hence, the proof is completed. By Theorem 3, it is proven
that the unwinding phenomenon is avoided when the system
states are on the sliding surface s = 0. In the subsequent
subsection, it is shown that the unwinding-free performance of
the closed-loop attitude maneuver system (7) is guaranteed by
designing a sliding mode control law with a dynamic parameter.
C. Unwinding-Free Sliding Mode Control Law
In this section, we need to construct a control law such that
the condition s = 0 is achieved in finite-time. This condition
assures us that all the system states of the closed-loop attitude
maneuver error dynamics (7) arrive at the sliding surface s =
0 in finite-time. Moreover, the unwinding phenomenon is also
avoided before the system states reach the sliding surface.
Consider a class of state feedback control for the rest-to-
rest attitude maneuver error dynamics (7) with (9) of a rigid
spacecraft in the following form,
u = ueq + un, (29)
where ueq is the equivalent control term for the nominal system,
un is the switching control term, which is designed to deal with
the disturbance. Thus, the equivalent controlueq can be obtained
from the nominal system part by setting s˙ = 0, such that
s˙ = ω˙e − αρ˙ (σe)σe − αρ (σe) σ˙e = 0. (30)
By setting d = 0, the following nominal system part of (7) can
be obtained,
Jω˙e = −ω×e Jωe + u.
Substituting the above equation into (30) obtains
s˙ = J−1
(−ω×e Jωe + ueq)− αρ˙ (σe)σe − αρ (σe) σ˙e = 0.
By solving the above equation concerning ueq, we have
ueq = ω
×
e Jωe + αJρ˙ (σe)σe + αJρ (σe) σ˙e.
In addition, the control term un is designed as,
un = − (γ1 + γ2 (t)) sgn (s) , (31)
where γ1 ≥ ‖d‖max, γ2 (t) is a positive-valued function, and
sgn (s) =
[
s1
|s1|
s2
|s2|
s3
|s3|
]T
.
By concluding previous derivations, the following unwinding-
free sliding mode control (briefly, UFSMC) law is obtained,

u = ueq + un,
ueq = ω
×
e Jωe + αJρ˙ (σe)σe + αJρ (σe) σ˙e,
un = − (γ1 + γ2 (t)) sgn (s) ,
s = ωe − αρ (σe)σe,
ρ (σe) =
sinh g(σe)
1+σT
e
σe
,
g (σe) = arctane
T
σe − pi4 ,
e = σe(0)‖σe(0)‖ ,
(32)
where α is a positive number, σe (0) is the initial value of σe,
γ1 ≥ ‖d‖max, and γ2 (t) is a positive-valued function, which is
given in the following theorem.
Theorem 4: Consider a rest-to-rest attitude maneuver problem
of a rigid spacecraft described by (7) with (9). If the dynamic
parameter γ2 (t) is chosen as
γ2 (t) =
α
λmin (J−1)
∣∣∣h˙ (t)∣∣∣ , (33)
where α > 0, λmin
(
J−1
)
represents the minimum eigenvalue
of the inverse matrix of J , and
h (t) = ρ (σe) ‖σe‖ , (34)
with ρ (σe) defining in (16). Then, the following conclusions
are acquired.
(i) The switching function s converges to zero in finite time.
(ii) The unwinding phenomenon is avoided before the system
states reach the switching surface s = 0.
Proof. To prove (i), we chose the following Lyapunov function,
V2 (t) =
1
2
s
T
s. (35)
Taking time derivative of the above equation, and using (15),
yields
V˙2 (t) = s
T
s˙
= sT (ω˙e − αρ˙ (σe)σe − αρ (σe) σ˙e) .
5Substituting the second equation of (7) and controller (32) into
the above equation, we arrive at
V˙2 (t) = s
T
(
J−1
(−ω×e Jωe + u+ d)− αρ˙ (σe)σe
−αρ (σe) σ˙e)
= −sTJ−1 (γ1 + γ2 (t)) sgn (s) + sTJ−1d
= −γ2 (t) sTJ−1sgn (s)− sTJ−1 (γ1 − ‖d‖)
≤ −γ2 (t) sTJ−1sgn (s) . (36)
Obviously, there holds
s
TJ−1sgn (s) ≥ λmin
(
J−1
) ‖s‖ . (37)
According to (37), one deduces from (36) that
V˙2 (t) ≤ −γ2 (t)λmin
(
J−1
) ‖s‖ .
By (35) and (37), the above equation can be rewritten as
V˙2 (t) ≤ −
√
2γ2 (t)λmin
(
J−1
)(1
2
s
T
s
) 1
2
= −
√
2γ2 (t)λmin
(
J−1
)
V
1
2
2 (t) . (38)
Using Lemma 2, it is immediate to conclude that the switching
function s converges to zero in finite time.
Thus, (i) is proven.
Next, we prove that the unwinding-free performance is en-
sured by the developed controller (32) with (33) when the
system states are outside the switching surface s = 0.
It can be further derived from (38) that
V˙2 (t)
V
1
2
2 (t)
≤ −
√
2γ2 (t)λmin
(
J−1
)
.
Suppose the initial time is t0 = 0. By taking integral of both
sides of the above equation, we have∫ t
0
V˙2 (τ )
V
1
2
2 (τ )
dτ ≤ −
√
2λmin
(
J−1
) ∫ t
0
γ2 (τ ) dτ ,
or, equivalently,
V
1
2
2 (t) ≤ −
λmin
(
J−1
)
√
2
∫ t
0
γ2 (τ ) dτ + V
1
2
2 (0) . (39)
Let
v (t) = eTs. (40)
Then, applying (15), (8), Lemma 1, and (34) to (40), yields
v (t) = eTωe − αρ (σe) eTσe
= θ˙ (t)− αρ (σe) ‖σe‖
= θ˙ (t)− αh (t) . (41)
In addition, it can be obtained from (40) that
v2 (t) =
(
e
T
s
)T
e
T
s
≤
∥∥eeT∥∥ ‖s‖2
≤ λmax
(
ee
T
) ‖s‖2 ,
where λmax
(
ee
T
)
is the maximum eigenvalue of the matrix
ee
T. Note that the Euler axis e is a unit vector, thus the
matrix eeT is an idempotent matrix. Consequently, we have
λmax
(
ee
T
)
= 1. Then, it is clear that
v2 (t) ≤ ‖s‖2 .
This together with (35), results in
1
2
v2 (t) ≤ V2 (t) . (42)
In this paper, the rest-to-rest attitude maneuver problem is
considered, thus the initial attitude velocity is zero, i.e., ωe (0) =
0. Further, it can be obtained from (12) that θ˙ (t) = 0. In this
case, by (41), the initial value of v (t) can be obtained as
v (0) = −αh (0) . (43)
As ωe (0) = 0, then by (35), (15), (34), and (43), the initial
value of V2 (0) can be obtained as
V2 (0) =
1
2
s
T (0) s (0)
=
1
2
α2ρ2 (σe (0)) ‖σe (0)‖2
=
1
2
v2 (0) . (44)
Substituting (42) and (44) into (39) gives(
1
2
v2 (t)
) 1
2
≤ V
1
2 (t) ≤ −λmin
(
J−1
)
√
2
∫ t
0
γ2 (τ ) dτ
+
(
1
2
v2 (0)
) 1
2
, (45)
which can be rewritten as
|v (t)|≤−λmin
(
J−1
) ∫ t
0
γ2 (τ) dτ+|v (0)| . (46)
As γ2 (t) > 0, it can be obtained from (46) that v (t) will
decrease to 0 when v (0) > 0, and v (t) will increase to 0 when
v (0) < 0.
To prove the unwinding-free phenomenon of the proposed
control law (32) with γ2 (t) being chosen in (33), we need to
prove that θ˙ (t) < 0 for θ (0) ∈ (0, pi), and θ˙ (t) > 0 for θ (0) ∈
(pi, 2pi). To this end, the following two cases are considered to
complete the proof.
(1) When θ (0) ∈ (0, pi) , there holds sinh
(
θ(0)
4 − pi4
)
< 0.
Then, it can be obtained from (8), (22), and (34) that there
holds h (0) = ρ (θ (0)) tan θ(0)4 < 0. Further, according to (43),
v (0) = −αh (0) > 0 holds. Thus, v (t) will decrease to zero.
In such a case, by using (41) and (43), (46) can be rewritten as
θ˙ (t)− αh (t) ≤ −λmin
(
J−1
) ∫ t
0
γ2 (τ ) dτ − αh (0) .
It can be further rewritten as
θ˙ (t) ≤ −λmin
(
J−1
) ∫ t
0
γ2 (τ) dτ − αh (0) + αh (t)
= −λmin
(
J−1
) ∫ t
0
γ2 (τ) dτ + α
∫ t
0
dh (τ )
dτ
dτ
= −
∫ t
0
(
λmin
(
J−1
)
γ2 (τ )− αh˙ (τ )
)
dτ . (47)
If h˙ (t) > 0, then it can be obtained from (33) that γ2 (t) =
αh˙(t)
λmin(J−1)
. It is followed from (47) that θ˙ (t) ≤ 0.
If h˙ (t) < 0,then it can be obtained from (33) that γ2 (t) =
− αh˙(t)
λmin(J−1)
. With this, it can be derived from (47) that
θ˙ (t) ≤ 2α
∫ t
0
h˙ (τ) dτ ≤ 0.
Thus, it can be obtained from above two cases that when
θ (0) ∈ (0, pi), there holds θ˙ (t) ≤ 0.
(2) When θ (0)∈ (pi, 2pi) , there holds sinh
(
θ(0)
4 − pi4
)
< 0.
Then, it can be obtained from (8), (22), and (34) that there
holds h (0) = ρ (θ (0)) tan θ(0)4 > 0. Further, according to (43),
6v (0) = −αh (0) < 0 holds. Thus, v (t) will increase to zero.
In such a case, by using (41) and (43), (46) can be rewritten as
−θ˙ (t) + αh (t) ≤ −λmin
(
J−1
) ∫ t
0
γ2 (τ ) dτ + αh (0) .
Then, the following equation can be further obtained,
θ˙ (t) ≥ λmin
(
J−1
) ∫ t
0
γ2 (τ) dτ + αh (t)− αh (0)
= λmin
(
J−1
) ∫ t
0
γ2 (τ) dτ + α
∫ t
0
dh (τ )
dτ
dτ
≥
∫ t
0
(
λmin
(
J−1
)
γ2 (τ ) + αh˙ (τ )
)
dτ. (48)
If h˙ (t) > 0, there holds γ2 (τ )=
αh˙(t)
λmin(J−1)
according to (33).
Substituting it into (48), we have
θ˙ (t) ≥ 2α
∫ t
0
h˙ (τ ) dτ ≥ 0.
If h˙ (t) < 0, there holds γ2 (τ ) = − αh˙(t)λmin(J−1) from (33).
Substituting it into (48), we have θ˙ (t) ≥ 0.
Thus, it can be obtained from above two cases that when
θ (0) ∈ (pi, 2pi), the rotation angle θ (t) will increase to 2pi.
Based on the above discussion, the conclusion (ii) is
proven.
In Theorem 4, the unwinding-free performance before the
system states reach the switching surface is proven. In Theo-
rem 3, the unwinding-free performance when the system states
are constricted to the sliding surface is also shown. The results
in these two theorems have illustrated that the proposed UFSMC
law (32) has the unwinding-free property.
Remark 1: One drawback of the control law (31) is that
it is discontinuous due to the discontinuousness of un about
the sliding surface s = 0. This characteristic may cause an
undesirable chattering phenomenon. For practical implementa-
tions, the controller must be smoothed. Thus, the discontinuous
function sgn (s) is replaced by the smooth continuous function
l (s) = [l (s1) l (s2) l (s3)]
T
with l (si) in the following
equation,
l (si) =
{
sgn (si) , if |si| ≥ ε1,
arctansi tan(1)
ε1
, if |si| < ε1, i = 1, 2, 3, (49)
where ε is a small positive value. As ε1 approaches zero, the
performance of this boundary layer can be made arbitrarily close
to that of original control law.
Another drawback of the proposed control law (32) is that it
suffers the singular problem because θ (t) = 2pi is a singular
point for σe, which may cause an unbounded control magnitude.
This potential drawback can be resolved by introducing a
boundary layer about σe, such that
σei =
{
sgn(σei)
ε2
, if 1|σei| ≤ ε2,
σei, if
1
|σei|
> ε2,
where ε2 > 0, σei is the i-th element of the vector σe, and
sgn (σei) =
{ −1, if σei < 0,
1, if σei > 0.
As ε2 approaches zero, the rotation angle θ (t) can be driven
arbitrarily close to 2pi if the initial value θ (0) of θ (t) is larger
than pi.
The advantage of the proposed UFSMC law (32) is that the
unwinding phenomenon is avoided during the rigid spacecraft
attitude maneuver, and the disturbance is compensated by the
designed controller.
IV. SIMULATION
In this section, simulations are conducted to demonstrate the
performance of the presented UFSMC law (32) for rest-to-rest
attitude maneuvers of a rigid spacecraft. In addition, the SMC
controller in [16] is adopted for comparison.
A. Simulation Settings
1) Spacecraft parameter values: The inertia matrix of the
rigid spacecraft is J = diag [114 86 87] kg ·m2. The initial
values of the attitude velocity ω and attitude σ are ω (0) =
[0 0 0]
T
and σ (0) = [0 0 0]
T
, respectively. The disturbance is
d = 10−2 × [sin (0.05t) 0.5 sin (0.05t) − cos (0.05t)]T.
2) Controller parameter values: The tuning parameters of the
proposed UFSMC law (32) are chosen as
α = 2, γ1 = 30, ε1 = 0.5, ε2 = 0.0001.
In addition, γ2 (t) is obtained from (33). The parameters of the
SMC controller [16] are chosen as,
k = 1.5, λ = −0.5, ε = 0.5.
3) Control goal: The control goal is to perform two rest-
to-rest attitude maneuvers for the rigid spacecraft with system
parameters given in Section IV-A1. Two different scenarios of
desired attitude values are given as follows.
Scenario A. The desired attitude and angular velocity are σd=
[0.1 0.2 − 0.3]T , and ωd=[0 0 0]Trad/s, respectively.
Scenario B. The desired attitude and angular velocity are
σd = [0.7809 0.4685 − 0.7809]T , and ωd = [0 0 0]Trad/s,
respectively.
In Scenario A, it can be obtained from (3) that σe (0) =
[0.1 0.2 − 0.3]T. Further, there holds θ (0) = 1.4321 < pi
according to (8). Thus, θ (t) = 0 is the nearest equilibrium.
The controller needs to guarantee that θ (t) decreases to zero
monotonically. In Scenario B, it can be obtained from (3)
that σe (0) = [0.7809 0.4685 − 0.7809]T. Further, there holds
θ (0) = 3.5036 > pi according to (8). Thus, the spacecraft needs
to rotate 3.5036 rad to reach the desired attitude if only θ (t) = 0
is chosen as the equilibrium. However, the spacecraft only needs
to rotate 2.7796 rad if θ (t) = 2pi is also considered as an
equilibrium.
B. Simulation results
1) Simulation results for Scenario A: The SMC controller
in [16] and proposed UFSMC law (32) are adopted to do
simulations for Scenario A. The simulation results are shown
in Fig. 1.
The response of θ (t) and angular velocity error ωei, i = 1, 2, 3
are shown in Fig. 1(a) and Fig. 1(b), respectively. It can be seen
from Fig. 1(a) and Fig. 1(b) that θ (t) and the angular velocity
errors of the system (7) converge to 0 in about 6s by adopting
the proposed UFSMC law (32), while the SMC controller needs
12s. The spacecraft attitude responses using Euler angles, i.e.,
Roll, Pitch, and Yaw, are shown in Fig. 1(c), which indicates
that the attitude maneuver problem is effectively settled by the
controller UFSMC law (32) and SMC law. The time evolution
of control torques ui, i = 1, 2, 3 are shown in Fig. 1(d). The
control torque of the proposed UFSMC law (32) is smaller than
that of the SMC controller.
In conclusion, the UFSMC controller can obtain higher point-
ing accuracy and better stability in a shorter time.
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Fig. 1: Comparison results of UFSMC law (32) and SMC [16] for Scenario A
2) Simulation results for Scenario B: The SMC controller
in [16], and the proposed UFSMC law (32) are adopted to
do simulations for Scenario B. The simulation results are
summarized in Fig. 2.
The response of the rotation angle θ (t) is shown in Fig. 2(a).
The principle rotation angle θ (t) converges to 0 in about 14s
by adopting the SMC controller in [16], while θ (t) converges
to 2pi in about 6s by adopting the proposed UFSMC (32).
This means that the rigid spacecraft needs to rotate 3.5036 to
reach the desired attitude under the controller SMC in [16],
while the rigid spacecraft only needs to rotate 2.77 to reach the
desired attitude under the proposed UFSMC (32). The behavior
of angular velocity error ωei, i = 1, 2, 3 is shown in Fig. 2(b).
It can be observed from Fig. 2(b) that the attitude velocity of
the rigid spacecraft (7) converges to 0 in about 6s by using
the proposed UFSMC law (32), while the SMC law needs
a longer time. The spacecraft attitude responses using Euler
angles, i.e., Roll, Pitch, and Yaw, are the roll, pitch, and yaw
angles, respectively) are shown in Fig. 2(c). The maneuver angle
of the UFSMC law (32) is smaller than that of SMC law.
This means that the presented UFSMC law (32) can avoid the
unwinding phenomenon successfully, but the SMC controller
can not. The control torques ui, i = 1, 2, 3 are shown in Fig.
2(d), which indicates that the attitude maneuver is effectively
settled by the UFSMC law(32) and SMC controller. It can also
be observed that the control torque of the proposed control law
is less than that of the SMC controller.
In conclusion, the proposed UFSMC controller (32) satisfies
the control objective described in Section II-D, and it achieves
higher pointing accuracy and better stability in a shorter time
compared with the SMC controller (32).
V. CONCLUSION
In this paper, an unwinding-free sliding mode control law is
presented for the attitude maneuver control of a rigid spacecraft.
By constructing a new switching function, the unwinding-free
property of the closed-loop attitude maneuver control system
of a rigid spacecraft is ensured when the system states are
on the sliding surface. Furthermore, by designing a sliding
mode control law with a dynamic parameter, the unwinding-
free performance of the closed-loop attitude maneuver control
system of a rigid spacecraft is guaranteed before the system
states reach the sliding surface. In addition, the switching
function converges to zero in finite-time by the developed
control scheme. Finally, a numerical simulation is conducted
to demonstrate the effectiveness of the developed control law.
The simulation results show that the unwinding phenomenon
is avoided by adopting the designed switching surface and
controller.
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